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Current gasoline blend scheduling practice is to optimize blend plans via fixed duration (e.g., days) multiperiod NLP or
MINLP models and schedule blends via interactive simulation. Solutions of multiperiod models typically have different
blend recipes for each time period. We introduce inventory pinch points and use them to construct an algorithm based
on single-period nonlinear model to minimize the number of different blend recipes. The algorithm optimizes multigrade
blend recipes for each period delimited by the inventory pinch points and then uses a fine-grid multiperiod fixed-recipe
MILP to compute blend volumes profile. If MILP is infeasible, a corresponding period between the pinch points is sub-
divided and recipes are reoptimized. In our case studies, solutions are computed in significant less time and are most of-
ten within 0.01% of the solutions by multiperiod MINLP. Reduced number of blend recipes makes it easier for the blend
scheduler to create a schedule by interactive simulation. VC 2013 American Institute of Chemical Engineers AIChE J,

59: 3748–3766, 2013

Keywords: gasoline blend planning, inventory pinch, recipe optimization, minimal number of recipes, periods with con-
stant blend recipes

Introduction

Crude oil refineries produce various liquid fuels by blend-
ing intermediate product streams in a manner which mini-
mizes use of more valuable components, while meeting
product specifications. Product specification are either
“greater than or equal” or “less than or equal” constraints for
various product properties (also referred as qualities, e.g., oc-
tane number, olefins content, sulfur content, specific gravity,
etc.). Usually, there is one blender for each type of liquid
products, that is, one blender for gasoline, one blender for
diesel, etc. Refineries operate to meet the contracted product
demand. Hence, an optimal refinery operation is the one that
meets contracted products liftings, while minimizing operat-
ing costs and inventory carrying costs. Total refinery produc-
tion is planned on a long term basis (e.g., month-to-month)
while the refinery operation over short time horizons (e.g., 2
or 4 weeks) is usually separated in two major tasks (1)
scheduling of process units, and (2) planning and scheduling
of liquid products blending. Refinery production planning
linear programming (LP) models are being replaced by
nonlinear programming (NLP) models due to new regula-
tions, more expensive raw materials, higher utility costs, and
other factors.1 Most of the commercial software use succes-
sive linear programming (SLP) techniques to solve NLP
models,2 while AspenTech’s nonlinear PIMS uses sequential
quadratic programming (SQP) methods. The refinery

planning models are formulated as multiperiod models3

where the planning horizon is divided into several time peri-
ods of specified duration (i.e., discrete time representation).
Constraints are satisfied at the time period boundaries and
serve as the basis for scheduling operations of the process
units. Gasoline comprises the largest volume of liquid prod-
ucts and minimization of the gasoline blending costs has a
major impact on refinery profitability.

Since the refinery operations are based on the results of
the longer term production plan, process units continuously
produce gasoline blend components as determined by that
plan. These components are stored in an intermediate storage
and then used to blend gasoline. The refinery carries the
inventories either as blend components or as finished gaso-
line, as determined by the refinery production plan. Hence,
the cost of carrying the product inventory over the gasoline
blend planning and scheduling horizon (typically 1 to 2
weeks) does not need to be included in the gasoline planning
objective function, since the refinery will carry either the
blend components or the finished gasoline.

In a typical gasoline blend system (Figure 1), blend com-
ponents arrive from upstream process units and are stored in
their respective tanks. In the blend headers (“blenders”) the
blend components are mixed in a predetermined ratio
(“blend recipe”) to meet the specifications for the gasoline
grade (e.g., regular, medium, premium) that is being
blended. There can be one or more blenders operating in
parallel. A gasoline blender switches from blending one
grade to another grade. During the switching the analytical
instruments (e.g., octane engine) need to be recalibrated to
ensure accurate online measurement of the blend properties.
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Preparation time results in a lost blend capacity. Hence, an
optimal gasoline blending operation will minimize the total
cost of all blends across the blend planning horizon and also
minimize the number of switches.

Nonlinearities in the blend planning model arise from (1)
nonlinear blending properties which introduce nonconvex
terms,4 (2) including unknown future quality and future
volume (tank heel) for each grade of gasoline in the multi-
period model, and (3) other attributes of the pooling
problem.5

Properties of the blended gasoline are nonlinear functions
of the properties of the components that are blended to make
a specific grade. During the 60s and 70s the practitioners
developed transformations of individual properties into so
called blending indices (BIs), which blend linearly compo-
nent BIs into gasoline BIs. If blending index transformations
are applied also to product constraints, then the equations
governing the blend properties become linear, if the proper-
ties of every blend component are known. However, recent
changes in gasoline blend specification (Environmental Pro-
tection Agency (EPA), Title 40 Code of Federal Regulations
Part 80.45: Complex Emissions Model [40CFR80.45,
2007]6) introduce highly nonlinear constraints with respect
to product properties. Misener et al.7 presented a single-
period MINLP model that includes binary variables to repre-
sent the quality breakpoints defined by the EPA model. To
solve this highly nonlinear mixed-integer model to global
optimality, they introduced a specialized algorithm. One of
their case studies consisted of 1104 continuous variables,
150 binary variables, and 640 nonlinear terms; it was solved
in 5274 CPU seconds with an optimality gap of 0.5%. Oper-
ation scheduling was not included in their model.

The earliest approach to gasoline blending decomposes the
problem in two steps: blend planning (also known as offline
blending problem or recipe optimization problem) and blend
scheduling. This is still the prevailing practice, as witnessed
by the commercial success of blend planning tools (e.g.,
Honeywell BLEND, Aspen PIMS-MBO) and scheduling
tools (e.g., Production Scheduler from Honeywell, ORION
from AspenTech). In the planning step, a discrete-time mul-
tiperiod MINLP model is used to optimize the total cost by
computing the volume of each blend and its corresponding
blend recipe (e.g., Honeywell BLEND). The term “blend
recipe” refers to the volume fractions of the components
used to blend one unit of a specific grade of gasoline during
a time period. Blender operation is then scheduled via inter-
active simulation (e.g., ORION) within the constraints
imposed by the solution of the multiperiod model. The plan-
ning model includes constraints w.r.t. minimum size of the
blend, maximum blend rate, and component and product
inventories. Cost of switching from blending one grade to
another is included in the total cost, while the duration of
the switch can be included as a reduction of the available
blender capacity.

An advantage of decomposing the problem into planning
and scheduling is a relative simplicity of solving the plan-
ning model. Disadvantages of the approach are:

1. Blend plan is guaranteed to be feasible only at the pe-
riod boundaries; however, the operation may be infeasi-
ble at some intermediate point within a period.

2. Blend recipes vary from one period to another. In other
words, if the blend planning horizon is 14 periods, typ-
ically there will be 14 different blend recipes for each
grade of gasoline.

Figure 1. Typical gasoline blending system.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Variations in blend recipes require more decisions by the

scheduler, making it more difficult to schedule operation

with minimum number of switches. Hence, the current prac-

tice is to keep the blend recipes relatively constant, since the

schedulers know that the optimal blending of the same gaso-

line grade by using the same recipe should be possible for

extended lengths of time. In order to avoid meandering of

the blend recipe, one can minimize deviations of blend rec-

ipes in every period from some preferred or average blend

recipe. This strategy has been implemented by adding pen-

alty terms to the objective function (e.g., Mendez et al.2).

However, such formulation means that the optimum value of

the objective function is a combination of the costs and the

penalties for deviations from the average blend recipes, that

is, the solution might not end up being the same real eco-

nomic optimum of the unconstrained recipe problem.

Another option to reduce recipe variation is to use preferred

blend recipes (e.g., Jia and Ierapetritou8); in this case, the

possibility to obtain the best solution depends on the selec-

tion of this set of preferred fixed recipes.
Since blend plan computed from a multiperiod model is

feasible at the period boundaries and possibly infeasible
within some time periods, Thakral and Mahalec9 introduced
a composite algorithm which computes blend recipes via
multi-period MINLP and then uses a genetic algorithm to
minimize the number of switches followed by agent-based
simulation to detect infeasibilities, if they exist. If an infeasi-
bility is encountered, the corresponding period is subdivided,
the blend recipes are recomputed via MINLP, and the pro-
cess is repeated until there are no infeasibilities.

Glismann and Gruhn10 used a discrete-time multiperiod
NLP to compute blend recipes and a discrete-time multiper-
iod MILP to solve the short term scheduling problem. The
planning periods are defined by product demands and other
specific planning priorities and the scheduling periods were
defined to be 2 h long. If a feasible solution cannot be found
for the scheduling problem or if the deviations from the
goals cannot be accepted, the planning step is solved again
but this time including the information from the MILP solu-
tion through the addition of constraints regarding the blend
components consumption. The new blend recipes computed
are added to the scheduling problem and can be chosen as
alternatives to the old recipes. In order to avoid many recipe
changeovers, constraints are added to enforce a minimum
running time for particular recipes on a blender.

Joly and Pinto11 presented a discrete-time MILP model to
optimize the scheduling of fuel oil and asphalt production.
They assumed linear blending properties and solved three
real-world examples using a schedule horizon from 1 to 6
days, divided in uniform time periods of 2 h each. In one of
their examples, feasible solutions with relative optimality
gaps varying from 1.3 to 8.2% were found in less than 4
CPU hours. They reported that smaller relative gaps required
more time and sometimes algorithm failure was observed.

An alternative to the discrete time representation is a contin-
uous-time model. Jia and Ierapetritou8 solved simultaneously
gasoline blend scheduling and distribution. They decomposed
the refinery system in three subsystems (1) the crude oil
unloading and blending, (2) the production units, and (3) the
product blending and shipping. They presented a continuous-
time event-based MILP model for the scheduling problem of
the third subsystem. The model includes multipurpose product
tanks (tank switching), delivery of the same order from

multiple product tanks, and one product tank delivering multi-
ple orders. They solved realistic large-scale problems to global
optimality in less than 5 CPU hours. According to Li et al.12,
Jia and Ierapetritou model may lead to infeasible solutions
which have one tank holding more than one product at a time.

Mendez et al.2 introduced both discrete-time and continu-

ous-time models to optimize blend recipes and schedule opera-

tions using an iterative algorithm. The model includes

nonlinear quality constraints and employs their linearization to

formulate a MILP. After the blend recipes are computed, cor-

rection factors for the product properties are calculated. Algo-

rithm stops when the correction factors converge and the

products properties meet the specifications. Minimum blend

run constraints and multipurpose tanks are not included in the

models. Mendez et al.2 and Kelly and Mann13,14 have pointed

out that solving logistics and quality aspects for large-scale

problems required significant amount of time with then-cur-

rent MINLP codes and global optimization techniques. Even

though recent advances in MINLP and MILP codes have

made it possible to solve much larger problems, there is a con-

tinuous research effort for improved formulations that lead to

shorter solution times and/or more accurate results.
Li et al.12 presented a continuous-time slot-based model

that uses process slots to simultaneously consider computa-
tion of recipes, blender operation, inventory constraints and
order scheduling. Quality constraints are handled using blend
indices (i.e., they are linear constraints). Their MILP model
includes parallel nonidentical blenders, multipurpose tanks
and other attributes that describe systems encountered in
practice. Their objective function does not include penalties
to minimize deviations from a preferred or average blend
recipe since their model computes a blend recipe for each
specific blend run. In order to ensure a constant blend rate,
they included a schedule adjustment step in their algorithm.
While their model poses many of the characteristics of the
industrial systems, computational times for large examples
are still not reasonable; nevertheless, their solutions were
better than those provided by DICOPT and BARON trying
to solve the corresponding MINLP model. Li and Karimi15

replaced process slots with unit slots and expanded the
model by Li et al.12 to include blender setup times, limited
inventory of components and simultaneous receipt/delivery
by the product tanks. Compared to work of Li et al.12, they
accomplish a significant reduction of computational times for
smaller size problems. Their results show that some realistic-
scale problems (2 to 3 blenders, 4 to 6 products, 9 compo-
nents, 9 properties, 11 product tanks, 10 to 45 orders, and a
planning horizon of 8 days) can be solved, but others were
unsolvable to proven optimality within the allocated CPU
times (10,800 to 108,000 s, depending of the problem).

This work introduces an algorithm designed to improve
discrete-time approach to blend planning. Our goals are:

1. Maintain the blend recipe for each grade of gasoline as
constant as possible across the planning horizon, that
is, minimize the number of different blend recipes

2. Determine a blend plan that is feasible at the bounda-
ries of time periods, thereby making it easier to pro-
duce a feasible schedule

3. Use nonlinear single-period blending models to arrive
at solutions that have objective function value equal to
(or very close to) the solutions obtained by the multi-
period approach, thereby reducing the computational
requirements of the problem.
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Basis for the algorithm is a notion of an inventory pinch
point. An inventory pinch point is defined as the point where
the cumulative average total production curve, CATP curve,
(which is based on optimal blend recipes that will meet the
demands for various grades of gasoline) is tangent to the cu-
mulative total demand curve, CTD curve, and if CATP curve
is extrapolated from this point onward it will not cross the
CTD curve (see Figure 5). The top level of the algorithm
optimizes blend recipes, while the lower level of the algo-
rithm computes blend profile (when and how much of each
grade to blend) based on the recipes computed at the top
level. The algorithm uses different period lengths at each
level (see Figure 4). At the top level, periods are delimited
by the inventory pinch points, while the lower level has fine-
grid fixed-length periods. In order to distinguish between the
periods at top and the lower level, we shall call them t-pe-
riod and l-period, respectively If inventory infeasibilities
(i.e., insufficient gasoline inventory) are detected in some l-
period in the solution of the MILP, the corresponding t-pe-
riod at the top level is subdivided; then the blend recipes are
reoptimized at the top level and the lower level MILP is
resolved. The objective at the top level is to minimize the
total cost of blending. As explained earlier, the carrying
costs of the finished products cancel out with the carrying
costs of the blend components and need not be included in
the objective function. The lower level MILP computes how
much of each grade of gasoline to blend in each l-period. If
the recipes computed at the top level lead to a feasible fine-
grid production plan, then the objective function at the lower
level is equal to zero.

The remainder of this article presents description of the
problem addressed by this work, followed by the introduc-
tion of the inventory pinch concept and description of the
single-period inventory pinch algorithm for blend planning.
We present 12 case studies, comparing the results of our
algorithm with those computed via multiperiod MINLP
solved by DICOPT.

Problem Statement

As mentioned in the Introduction, the current practice in
gasoline blending relies on discrete-time decomposition of
the blending problem in two levels. At the top level, a multi-
period MILP or MINLP computes blend recipes, while the
lower level computes (heuristically or algorithmically) the
corresponding schedule. This work pursues improvements in
the discrete-time formulation, with the intent to enhance the
current practice.

We will use a sample system (Figure 1) to describe attrib-
utes of a gasoline blend planning model. Blend planning
problem is described by:

Component supply and product demand data:
1. Planning horizon [0, H] divided into fixed-duration

time periods 1,2,…N.
2. Set of blend components, their properties, initial inven-

tories, costs, and flow rates along the planning horizon
(i.e., supply profile).

3. Set of products (i.e., gasoline grades) with prescribed
minimum and maximum quality specifications, their
initial inventories and corresponding initial quality.

4. Set of delivery orders for each product along the plan-
ning horizon (i.e., demand profile). If there are multiple
orders for the same grade of gasoline in a given time

period, these orders are lumped into a total demand for
that grade of gasoline in that period.

Blending system structure and operating characteristics
considered:

1. Minimum and maximum inventories (for every time
period) for each blend component and for each grade
of gasoline. If there are multiple tanks available for
storage of the same material, they are treated as one
aggregate inventory capacity for that material.

2. There can be one or more blenders operating in paral-
lel. Maximum blending capacity of each blender is
given.

3. Blender capacity loss due to switching the blender
from one grade to another.

4. If a specific grade of gasoline is to be blended, then
the amount blended must be greater than or equal to
some threshold amount.

We need to compute:
1. Which gasoline grades to produce in each time period

and their respective volumes.
2. How much of each blend component to use for each

gasoline blend (blend recipes) for each grade and for
each period.

3. Inventory profiles of the components and of finished
gasoline.

Assumptions are:
1. Refinery production plan has determined the crude

feed rate as required to meet the demand for various
products. Hence, gasoline blend components are avail-
able in required quantities to meet the total gasoline
demand during any time period of the production
plan.

2. Component qualities are constant for the whole plan-
ning horizon. Since blend components are produced
by upstream units which are operated to meet target
qualities of the blend components, this assumption is
valid so long as the process units produce blend com-
ponents to their target qualities.

3. Quality constraints are either linear or nonlinear. For
simplicity, we include only RVP nonlinear constraint
in some case studies.

4. Perfect mixing occurs in the blender.
5. Changeover times between product runs on the

blender are product and sequence independent.
6. Each order involves only one product.
7. Each order is completed during the planning horizon.
8. Product liftings (demands) need to be met.
9. If the initial inventory (heel) of some product tank is

off-spec, it will be used as blend component to pro-
duce on-spec gasoline.

10. Blend planning horizon is typically 1 to 2 weeks long
with periods being 1 day or half a day in duration.

Note that the above multiperiod model implies:
1. Within each time period, the products required during

that period are first produced in the required quantities
(if they are not available in the storage tanks), and then
the products are shipped (“lifted”) in the required
quantities.

2. Product inventory tank may receive new blend while
gasoline is being withdrawn from the tank.

3. Component inventory tank may receive additional
amounts of the component while the material is being
withdrawn from the tank and sent to the blender.
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The Inventory Pinch Concept

For simplicity’s sake, let us consider a single product gas-
oline blender, i.e., imagine the system shown in Figure 1 but
having only one blender and one product. In order to sim-
plify exposition and the graphs, we will use data correspond-
ing to fixed time periods, where a “fixed time period” is
specified by its start and end time. This does not impact the
method or the conclusions. We can plot cumulative demand
curve (CTD) vs. time. Note that this curve is constructed
from actual demand data (e.g., a shipment can start 3 days
and 7 h or at some other time from the start of the planning
horizon), i.e., CTD does not have to use aggregate data per
day. Cumulative total production (CTP) consists of the avail-
able initial product inventory V(0), and the amount produced
up to a specific point in time If we assume that the blending
will be carried out at the same average rate throughout the
horizon, then the cumulative average total production
(CATP) is a straight line connecting the initial available in-
ventory to the final total demand. Clearly, in the example
shown in Figure 2, blending at average rate for the entire ho-
rizon is not feasible (cumulative demand curve CTD
becomes greater than the cumulative average total produc-
tion CATP starting in period 6). In order to have a feasible
operation, cumulative average total production (CATP) must
always be greater than or equal to the cumulative demand
(CTD). Hence, a feasible blending operation requires that the
cumulative average total production curve CATP traverse
from the initial available inventory V(0) to the point where
it touches the cumulative total demand curve CTD and then
to the final point on CTD curve (see Figure 3). Inventory
pinch points are the points where cumulative average pro-
duction curve CATP becomes tangent to the cumulative total
demand curve CTD. Shown in Figure 2 is also the maximum
possible product volume, which corresponds to the maximum
available blender capacity.

One lower bound on the optimum solution is obtained by
solving the total aggregate blending problem (Eqs. 1–9).
This solution is a single blend recipe (per product) to be
applied along the entire horizon; hence the entire horizon is
considered as a “fixed recipe interval”. If the blending occurs
at the same blend rate throughout the horizon, then the
blender operates at constant rate equal to the average rate
across the horizon. Corresponding to the average blend rate

is the average available product volume, represented by
CATP line. Since this is infeasible, we need to increase the
blend rate until the cumulative product volume line becomes
a tangent to the cumulative total demand curve (segment
CATP1 in Figure 3), i.e., we need to produce sufficient
amount of gasoline to meet the cumulative demand at the
pinch point. In the example shown in Figure 3, product
blending in the interval from the pinch point to the end of
the horizon proceeds along CATP2 segment. If blend com-
ponents are available in sufficient quantities at the appropri-
ate points along the horizon, and if we do not encounter any
inventory constraints along the horizon, then a single blend
recipe can be used to blend the volumes corresponding to
the cumulative product curve (CATP1 and CATP2 segments
in Figure 3). Whether or not such operation is feasible can
be determined by solving a multiperiod MILP which uses
the aggregate blend recipe (which is constant for all periods)
to determine how much to blend in each period.

If blending with fixed recipe across the entire horizon is
not feasible, the infeasibility is caused by insufficient amount
of blend components required for blending based on optimal
recipe while meeting the demand at the pinch points. There-
fore, we need to compute the aggregate blend recipe from
the start of the horizon to the first inventory pinch point (pe-
riod 1). This recipe will make the best possible use of the
components available in period 1. Similarly, another aggre-
gate blend recipe needs to be computed from the pinch point
to the end of the horizon (or to the next pinch point, if there
are more than one), as shown in Figure 3.

If the amount of available blend components and their
qualities in period 1 are such that the cumulative demand at
the pinch point cannot be met, then the problem is infeasi-
ble. If the product unit cost corresponding to the blend rec-
ipe computed for interval is higher than the aggregate blend
recipe for the entire horizon, this is due to the fact that the
mix of components available during this period does not
allow us to blend at the lowest possible cost.

From here on, the term t-period (i.e., top-level period) will
be used as the length of time where one aggregate recipe
will be computed (i.e., aggregate interval). A t-period con-
tains at least one l-period from the lower level (see Figures
3 and 4).

Figure 2. Problem with one pinch point.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. Graphic representation of the inventory pinch
algorithm.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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It should be pointed out that cumulative average total pro-
duction curve CATP should be constructed as shown by seg-
ment CATP2 in Figure 5. End point of a segment of the
CATP curve must be a tangent to the cumulative demand
curve CTD and if CATP segment is extended beyond the
tangent point, the extension must not intersect the cumula-
tive demand curve. If we solve aggregate blending problem
corresponding to CATP2, the solution includes the “local”
inventory pinch in 3. Hence, solving for an aggregate blend
recipe for CATP1 is not necessary. Figure 6 shows an exam-
ple with two true inventory pinch points.

When introducing inventory pinch, we assumed that there
is only one product being blended. That assumption does not
alter the methodology, if we (1) define cumulative demand
curve to be the cumulative total demand (CTD) of all prod-
ucts, and (2) define cumulative average total production
(CATP) to be the sum of all product volumes.

Having computed aggregate blend recipe for each t-period
delimited by the pinch points, we still need to determine
how much of each gasoline grade to produce at what point
in time. For this purpose, we formulate a multiperiod (l-peri-
ods) fixed-recipe volume-only MILP model. Purpose of the
optimization is to find the blend volumes for each l-period in
such a manner that possible infeasibilities in the product
inventories are pushed as far into the future as possible.
Constraints are fixed blend recipe equations, inventory con-
straints on the product and component tanks, product
demands, and blend component availability. Volumetric con-
straints on the inventory tanks include nonnegative positive

and negative slack variables. Cost coefficients for the prod-
uct inventory tanks are decreasing as we progress along the
time horizon, thereby “pushing” any possible product inven-
tory infeasibility as far forward as possible. In addition, one
may include minimum threshold blend amount for each
grade and capacity lost due to the set-up time when switch-
ing between the grades.

If blend components are not available as required by the
blend recipe for a given t-period, then the solution of the
multi-period volume-only MILP model will have infeasible
product inventories in some l-periods which are contained
within that t-period. This can be seen directly on the product
inventory profiles and also in the cumulative curves (Figure
7). The algorithm presented in this work eliminates these
infeasibilities via an iterative procedure.

Conceptual Use of Inventory Pinch
for Gasoline Blend Planning

Refinery production planning optimizes a multiperiod
model comprised of periods that are weeks or/and months
long. Resulting production plan specifies how much of vari-
ous blend components will be produced in each period to
ensure that the required product amounts will be possible to
blend. If ratio of components in the blend pool supply does
not vary a lot from one day to another, which is true most of
the time (unit shutdowns being an exception), then one can
proceed to compute blend recipes by solving independently

Figure 4. Time grids for the two levels of the algorithm.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. One “local” inventory pinch and one true in-
ventory pinch.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Example with two true inventory pinch
points.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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aggregate blend models for periods between the pinch points.
The recipes are computed by moving forward along the time
horizon, from one period to another.

An alternative approach is to formulate a multiperiod NLP
or MINLP where period boundaries correspond to inventory
pinch points. Since our goal is to solve as simple as possible
nonlinear problems, we present a single period inventory
pinch algorithm which is described in detail in the following
section.

Single Period Inventory Pinch Algorithm for
Gasoline Blend Planning

The inventory pinch algorithm decomposes the gasoline
blend planning in two levels (Figure 8), each one based on a
different view of the blending process:

Top level: Computation of aggregate blend recipes (qual-
ity constraints fulfillment) that leads to the lowest possible
cost per unit of the volume blended, subject to availability
of the components in a given t-period.

Lower level: Computation of volumes to be blended in
each l-period while meeting the inventory, demand, and
blend threshold constraints. The blend recipe computed for a
t-period is fixed for all the l-periods that it contains.

At the top level, we divide the planning horizon in KT t-
periods delineated by the inventory pinch points. Blend rec-
ipes between inventory pinch points are often constant. The
model at the top level does not consider variations of com-
ponent inventories over the horizon only the overall compo-
nent availability. As mentioned previously, since gasoline
blend planning is carried out within the constraints computed
by the longer range production plan, the inventory carried by
the refinery is determined by that plan. Hence, the refinery
carries either the inventory of blending components or the
inventory of blended gasoline. Over the gasoline blend plan-
ning horizon, the carrying costs of these inventories are fixed
and need not to be included in the objective function. Once
blend recipes are known, we compute how much of each
grade to blend across the entire blend planning horizon via
fixed-recipe volume-only MILP model. Length of l-periods
(total of N) in the MILP model is selected in a manner that

makes it simple to make decisions at the scheduling level
(e.g., one day, half a day, or shorter). If the blend recipes
from the top level lead to a state where at some point along
the horizon there are insufficient amounts of the blend com-
ponents, then infeasible product inventories (denoted as in-
ventory infeasibilities) will appear in the lower level.
Formulation of the MILP is such that any potential infeasi-
bility is “pushed” forward, as far as possible, in the planning
horizon. If product infeasibilities are found in the lower level
for a specific l-period, it means that either the blender
capacity is too small or that the amount of components
available in the l-period is insufficient. In either case, it
means that an additional amount of the product needs to be
blended prior to the infeasibility; that additional amount is
equal to the infeasible volume for that product. If there are
any infeasibilities, then the t-period at the top level is subdi-
vided and new recipes are computed (i.e., KT increments in
each iteration). In our case studies, under nondecreasing
component supply, the algorithm leads to the optimum

Figure 7. Inventory infeasibilities elimination by inventory pinch algorithm

(a) Infeasible aggregate recipes, and (b) feasible aggregate recipes. [Color figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 8. Proposed decomposition of gasoline blending.
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solution computed via multiperiod MINLP. If there are sig-
nificant variations in component supply, then the algorithms
produces solutions that are very close to the optimum.

Top level: Computing aggregate blend recipes

The blend recipes are computed solving an aggregate NLP
model (Eqs. 1–9) for each t-period. The aggregate models
are solved in sequence (solution from one t-period define the
starting point of the next t-period). If the aggregate model is
solved for the whole planning horizon, this is referred as the

total aggregate model and its solution is a lower bound of
the problem. If the total aggregate model is feasible, we then
proceed to compute the blend recipes for periods delimited
by the pinch points. We include non-negative inventory slack
variables on the inventory constraints which will be nonzero
if there are infeasibilities. Table A1 explain the notation
used in this article.

Equation 1 is the objective function to minimize, it com-
prises of the components cost, and the penalties for the in-
ventory slack variables (PenaltyP(g) >> PenaltyC(i))

min

X
g

X
i

VC;K i; gð Þ3Cost ið Þ1
X

i

S1
C;K ið Þ1S2

C;K ið Þ
� �

3Penalty C ið Þ

1
X

g

S1
P;K gð Þ1S2

P;K gð Þ
� �

3Penalty P gð Þ

8>>><
>>>:

9>>>=
>>>;

(1)

Equation 2 represents the volume balance around a com-
ponent tank. Equation 3 ensures that the closing inventory of
each component tank is within its limits

Vclose
C;K ið Þ5V

open
C;K ið Þ1Vin

C;K ið Þ2
X

g

VC;K i; gð Þ

1S1
C;K ið Þ2S2

C;K ið Þ 8i (2)

Vmin
C ið Þ � Vclose

C;K ið Þ � Vmax
C ið Þ 8i (3)

Equation 4 is the volume balance around a product tank,
and Eq. 5 represents the inventory constraints

Vclose
P;K gð Þ5V

open
P;K gð Þ1VB;K gð Þ2DP;K gð Þ1S1

P;K gð Þ2S2
P;K gð Þ 8g

(4)

Vmin
P gð Þ � Vclose

P;K gð Þ � Vmax
P gð Þ 8g (5)

Please note that the slack variables in Eqs. 2 and 4 are
introduced to ensure that the solver always returns a solu-
tion. If any of the slack variables are nonzero, the solution is
physically unrealizable, since the inventory constraints are
violated. We use separate variables for opening and closing
inventories to have a representation that is repeatable from
one period to another. The volume balance around the
blender is given by 6 and 7. We include the fraction of the
components in the product (i.e., we compute the blend recipe
directly) since the volume of product to be blended is known
and because Eq. 9 requires these fractions

VC;K i; gð Þ2xK i; gð Þ � VB;K gð Þ50 8g; i (6)X
i

XK i; gð Þ51 8g (7)

When the initial product inventory is on-spec and the
quality constraints are assumed to be linear, the quality bal-
ance is given by Eq. 8

Qmin
P g; sð Þ � VB;K g; kð Þ �

X
i

QC i; sð Þ � VC;K i; g; kð Þ

� Qmax
P g; sð Þ � VB;K g; kð Þ

8g; s
(8)

The Reid vapor pressure (RVP) is a property that
blends nonlinearly. Singh et al.16 used the blending index
approach to compute the RVP choosing Eq. 9 based on
its predictive accuracy, parsimony, and ease of

implementation. We will use the same equation in case
studies 5 to 10 (we will consider the RVP to blend line-
arly in the other cases)

QP;K g; s5RVPð Þ5
XI

i51

xK i; gð Þ � QC i; s5RVPð Þð Þ1:25

" #0:8

8g

(9)

Equations 1–9 define the aggregate model for the case
when the initial inventory is on-spec. Equations 10–12 are
required to provide parameters to the aggregate model and
they need to be solved before. Equations 10 and 11 are
required to link the inventories of adjacent t-periods. Eq. 12
will set the volume to be blended in the t-period equal to the
volume plus the inventory infeasibilities given by the multi-
period solution. Basically, Eq. 12 links the aggregate model
with the multiperiod model

V
open
C;K ið Þ2Vclose

C;K-1 ið Þ5 0 8i;K 5 K2;…;KT (10)

V
open
P;K gð Þ2Vclose

P;K-1 gð Þ5 0 8g;K 5 K2;…;KT (11)

VB;K gð Þ5
X
n2K

VB g; nð Þ1S1
P g; nð Þ2S2

P g; nð Þ
� �

8g (12)

If the initial product inventory is off-spec, the inventory
needs to be brought back to specification before it can be
shipped/lifted. In order to do this, the off-spec heel needs to
be considered as a blend component by introducing Eqs. 13
and 14. The subscript “0” specifies the variables during this
quality correction t-period K0. The length of this t-period K0

must be enough to bring back the product inventories into
specificationX

i

QC i; sð Þ � VC;0 i; gð Þ1Q
open
P;0 g; sð Þ � Vopen

P;0 gð Þ

� Qmin
P g; sð Þ � V

open
B;0 gð Þ1V

open
P;0 gð Þ

� �
8g; s (13)X

i

QC i; sð Þ � VC;0 i; gð Þ1Q
open
P;0 g; sð Þ � Vopen

P;0 gð Þ

� Qmax
P g; sð Þ � VB;0 gð Þ1V

open
P;0 gð Þ

� �
8g; s (14)

For the rest of the planning horizon (subscript “1”) the
heel is not required to be considered a blend component
since it is already on-spec. Therefore, the quality balance is
written as
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Qmin
P g; sð Þ � VB;1 gð Þ �

X
i

QC i; sð Þ � VC;1 i; gð Þ

� Qmax
P g; sð Þ � VB;1 gð Þ 8g; s (15)

The volume balance around the blender is given by Eqs.
16 and 17 for the first t-period when the heel is corrected
and for the rest of the planning horizon, respectively. Equa-
tions 18 and 19 set the closing product inventories to be
within the limits

V
open
P;0 ið Þ2Vclose

P;0 gð Þ
1
X

i

VC;0 i; gð Þ2DP;0 gð Þ1S1
P;0 gð Þ2S2

P;0 gð Þ 8g (16)

V
open
P;1 gð Þ2Vclose

P;0 gð Þ1
X

i

VC;1 i; gð Þ2DP;1 gð Þ

1S1
P;1 gð Þ2S2

P;1 gð Þ 8g (17)

Vmin
P gð Þ � Vclose

P;0 gð Þ � Vmax
P gð Þ 8g (18)

Vmin
P gð Þ � Vclose

P;1 gð Þ � Vmax
P gð Þ 8g (19)

Equations 20 and 21 identify the volume used during the
heel correction (VC,0) and the volume used afterwards (VC,1)

Vclose
C;0 ið Þ5V

open
C;0 ið Þ1Vin

C;0 ið Þ2
X

g

VC;0 i; gð Þ

1S1
C;0 ið Þ2S2

C;0 ið Þ 8i (20)

Vclose
C;1 ið Þ5Vclose

C;0 ið Þ1Vin
C;1 ið Þ2

X
g

VC;1 i; gð Þ

1S1
C;1 ið Þ2S2

C;1 ið Þ 8i (21)

Equation 1 is replaced by Eq. 22. XC is a coefficient set to a
value greater than 1 and much less than the penalties for the slack
variables (in this work, XC 5 10). It forces the off-spec heel to be
corrected with the smallest possible blend volume and, therefore,
to be ready to be lifted/shipped as soon as possible

min
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(22)

Then, the aggregate model for the case when the initial
product inventory is off-spec is defined by Eqs. 13–22.

Lower level: Computing volumes to be blended in each
time period

After the aggregate blend recipes are defined, it is required
to calculate the volumes to be blended in each l-period. This
step of the algorithm is modeled as a MILP (Eqs. 23–37) to
set constraints on the minimum and maximum amount of
product to be blended in each l-period (threshold con-
straints). Objective function, Eq. 23, is constructed in such a
manner that the solution will delay occurrence of potential
inventory infeasibilities as far into the future as possible.
The objective function contains only the penalties for the in-
ventory slack variables. If the blend recipes computed at the
top level correspond to a feasible operation, the inventory
slack variables will be zero at the solution of MILP. If the
blend recipes are infeasible, then the MILP solution will
show which specific products and in which l-periods cannot
be produced in the amounts required to meet the demands.
The penalty for the components’ inventory slack variables is
much greater than the penalty for the products’ inventory
slacks Penalty C ið Þ >> Penalty P g; nð Þ 8i; g; nð Þ, which
forces the inventory infeasibilities to be on the products’
side. Such formulation allows us to know how much addi-
tional volume for the product is required to meet the inven-
tory constraints (if there is infeasibility) and the aggregate
model can compute the proper blend recipe. In addition, the
penalty for a product inventory slack decrease with time
Penalty P g; nð Þ > Penalty P g; n11ð Þ 8g; nð Þ to move the

infeasibilities as late as possible in the planning horizon. The
blend plan cost is computed but not included in the objective

function since fixed blend recipes and product target invento-
ries are defined by the solution of the aggregate model. Since
we have not included the cost of switching in the MILP
model, the optimum solution of this model is 0.0 (i.e., slack
variables are zero for a feasible solution; therefore, their use
in this model does not affect the solution obtained as in the
case where they are used to minimize deviations between
blend recipes). If the solution of the MILP has inventory
infeasibilities, it signifies that either component supply or
product demand are such that the recipes computed at the top
level are not feasible within a t-period. The algorithm will
subdivide such t-periods and reoptimize the blend recipes

min
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n

X
i
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C i; nð Þ1S2

C i; nð Þ
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3Penalty C ið Þ
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(23)

The volume balance equations and inventory constraints
for the component and product tanks for every l-period n are
given by 24 to 27

Vclose
C i; nð Þ5V

open
C i; nð Þ1Vin

C i; nð Þ
2
X

bl

X
g

VC i; g; n; blð Þ1S1
C i; nð Þ2S2

C i; nð Þ 8i; n (24)

Vmin
C ið Þ5Vclose

C i; nð Þ � Vmax
C ið Þ 8i; n (25)

Vclose
P g; nð Þ5V

open
P g; nð Þ1

X
bl

VB g; n; blð Þ2DP g; nð Þ

1S1
P g; nð Þ2S2

P g; nð Þ 8g; n (26)
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Vmin
P gð Þ � Vclose

P g; nð Þ � Vmax
P gð Þ 8g; n (27)

Equations 28 and 29 set the closing inventories as the
opening inventories of the next l-period n

V
open
C i; n11ð Þ2Vclose

C i; nð Þ50 8i; n51;…;N21 (28)

V
open
P g; n11ð Þ2Vclose

P g; nð Þ50 8g; n51;…;N21 (29)

The balance around the blender is given by Eqs. 30–35.
The blend recipe is fixed within the l-period boundaries 61
3 1027 to avoid finding very small infeasibilities due to nu-
merical discrepancy between the two levels of the algorithm.
Equation 35 indicates that the number of grades that can be
blended in one l-period in blender bl must be less than or
equal to the parameter np(bl). If the binary variable
A(g,n,bl) is 1, the volume to blend of grade g in blender bl
will be between the minimum and maximum specified limits,
and less than or equal to the maximum blending rate. Since
we are using a discrete-time formulation, t(n) is known in
advance. If A(g,n,bl) is 0, then product g will not be blended
in l-period n in blender bl. The lost volume term due to
setup times for switching from blending one grade to another
is included in Eq. 34, and it is equal to the maximum
blender capacity times the setup time

VC g; i; n; blð Þ2 x g; i; nð Þ1131027
� �

� VB g; n; blð Þ � 0 8g; i; n; bl

(30)

VC g; i; n; blð Þ2 x g; i; nð Þ1131027
� �

� VB g; n; blð Þ � 0 8g; i; n; bl

(31)
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B gð Þ � A g; n; blð Þ2VB g; n; blð Þ � 0 8g; n; bl (32)

Vmin
B gð Þ � A g; n; blð Þ2VB g; n; blð Þ � 0 8g; n; bl (33)X

g

VB g; k; blð Þ1Vlost
B blð Þ �

X
g

A g; n; blð Þ2Fmax
B blð Þ � t nð Þ � 0 8n; bl

(34)

0 �
X

g

A g; n; blð Þ � np blð Þ 8n; bl (35)

Equations 36 and 37 link the multiperiod model with the
aggregate model by fixing the blend recipes in the l-periods
n within the t-period K, and by setting the target closing
inventories of the l-periods that are at the boundary end of
the t-periods

x i; g; nð Þ5xK i; gð Þ 8g; i; n 2 K (36)

Vclose
P g; nð Þ5Vclose

P;K gð Þ 8g; n at the end of K (37)

The economic cost is minimized at the top level by com-
puting the appropriate blend recipes. Note that the multi-pe-
riod MILP model does not deal with the blend recipe
optimization and does not include the nonlinear terms. Thus,
all the nonlinearities intrinsic to the blending problem are
solved in the aggregate model. The corresponding MINLP
model can be obtained by appending Eqs. 6–9 (for each l-pe-
riod) to this MILP model, and if the initial product inventory
is off-spec, Eq. 8 is replaced only in the first l-period by
Eqs. 13 and 14.

Algorithm Statement

The algorithm presented in this section uses gasoline
blend planning as the underlying example. Since none of the
algorithm attributes are specific to gasoline blending, the

algorithm can be used for any multipurpose plant that has
structural characteristics similar to gasoline blending. Figure
9 shows the inventory pinch algorithm flowchart.

Single Period Inventory Pinch Production Planning
Algorithm (SPIP algorithm)

� Step 1: If the initial product inventory is on-spec, solve
the aggregate model given by Eqs. 1 to 9 for the whole
planning horizon. If the initial product inventory is off-
spec, solve the aggregate model given by Eqs. 13 to 22.
If the solution is feasible, continue with Step 2 (if the
initial product inventory is off-spec, the blend recipe
and volumes to be blended in K0 are stored); otherwise,
the blend components supply rates must be modified in
order to fulfill the demand, that is, refinery production
plan has created infeasible constraints.

� Step 2: Construct the Cumulative Total Demand (CTD)
and the Cumulative Average Total Production (CATP)
curves. Determine the pinch point(s) location.

� Step 3: Divide the planning horizon (at the top level) in
the number of t-periods indicated by the pinch points
(i.e., KT

(1)). Set iteration counter it 5 1.
� Step 4: Solve each one of these t-periods separately as

single period problems using Eqs. 1 to 9, and Eqs. 10
to 12 to link them.

� In the first iteration (it 5 1), the volumes to produce of
each product in each t-period K are the amounts that will make
the final product inventories to be at the minimum limits.

� In following iterations (it> 1), the volumes to produce
are defined according to the solution of the volume alloca-
tion problem (Step 5). If necessary, the volumes to blend are
adjusted as follows:

Figure 9. Inventory pinch single period algorithm.
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� If the volume to be blended in t-period K is greater
than the maximum blender capacity, the blender at t-period
K needs to work at full capacity and the remaining volume
must be blended in the previous t-period.

� If the volume to be blended in t-period K is less than
the minimum allowed, the difference to reach the minimum
will be taken from the next t-period. The exception is when
K is the last t-period; in this case, the volume must be
blended in the previous t-period.
� Step 5: Solve the volume allocation problem (Eqs. 23

to 37) for the entire horizon as one MILP, which uses
fixed recipes computed in Step 4 in the corresponding
l-periods.

� Step 6: If the inventory slack variables from Step 5 are
zero, a feasible set of blend volumes, based on optimal
recipes computed at the top level, has been found.
Stop, since the optimal production plan has been found.
Otherwise, continue to Step 7.

� Step 7: The planning horizon (at the top level) is di-
vided as follows:

� If a t-period K does not contain inventory infeasibilities
in the solution from Step 5, it is unchanged.

� If a t-period K contains infeasibilities in the solution
from Step 5, it is divided into two new time periods;
the first new t-period ends after the l-period n where
the first infeasibility was detected.

� Step 8: KT
(it11) 5 KT

(it) 1 1. it 5 it 11. Go back to
Step 4.

Case Studies

All case studies have been computed on a HP Pavilion
dv6 Notebook PC, AMD A8–3510MX APU processor,
1.80GHz, Windows 7 OS and 8 GB RAM. GAMS IDE
23.7.3 was used to solve each one of the case studies. The
aggregate LP/NLP models were solved using IPOPT, and the
MILP model was solved using CPLEX 12.3. To compare the
results obtained with the inventory pinch algorithm, the cor-
responding MINLP model was solved using DICOPT.

The gasoline blending system shown in Figure 1 with ei-
ther one or two blenders has been studied. Each blender can
produce all products (i.e., np(bl) 5 3). In the cases of one
blender, the maximum blend capacity is 200 3 103 BBL/
day; for the two-blender cases, blender A and blender B
have a maximum blend capacity of 120 3 103BBL/day and
80 3 103 BBL/day, respectively. The minimum blend
allowed for one product in each blender (i.e., VB

min) is 30 3

103 BBL/day. For both blenders, the volume lost per switch
(i.e., VB

lost) is 8 3 103 BBL. In all cases, the system uses
seven blend components (ALK, BUT, HCL, HCN, LCN,
LNP, and RFT) and produces three products (grades of gaso-
line U87, U91, and U93). Each component and each product
have their particular storage tank. A planning horizon of 14
one-day l-periods was considered for all case studies
(H 5 14 days, t(n) 5 1 day for all n). The demand orders
involve a single product and their time windows are assumed
to be 1 day. Eight blend properties are considered: aromatic
content (% by volume, ARO), benzene content (% by

Table 1. Components Data (Properties, Cost, Supply Rates and Inventory Limits)

Components ALK BUT HCL HCN LCN LNP RFT

ARO (%vol aromatics) 0 0 0 25 18 2.974 74.9
BEN (%vol benzene) 0 0 0 0.5 1 0.595 7.5
MON 93.7 90 79.8 75.8 81.6 66 90.8
OLF (%vol olefin) 0 0 0 14 27 0 0
RON 95 93.8 82.3 86.7 93.2 67.8 103
RVP (psi) 5.15 138 22.335 2.378 13.876 19.904 3.622
SPG 0.703 0.584 0.695 0.791 0.744 0.677 0.818
SUL (%vol sulfur) 0 0 0 0.485 0.078 0.013 0
Cost ($/BBL) 29.2 11.5 20 22 25 19.7 24.5
Minimum Inventory (3103 BBL) 5 5 5 5 5 5 5
Maximum Inventory (3103 BBL) 150 75 50 50 150 100 150
Initial Inventory (3103 BBL) 20 20 20 10 50 30 30
Supply Rate (3103 BBL/day)

Cases 1 – 8, 11 – 12
25 5 3 5 25 20 50

Table 2. Supply Rate of Components along Planning Horizon—Case 9 and 10

Case Study 9 10

l-period 3103 BBL/day

Component ALK BUT HCL HCN LCN LNP RFT ALK BUT HCL HCN LCN LNP RFT

1 25 5 0 5 20 30 50 25 5 3 5 25 20 50
2 25 5 0 5 25 30 50 25 5 3 5 25 20 50
3 30 5 0 5 25 30 25 25 5 3 5 25 20 50
4 30 4 3 6 25 20 25 20 4 0 3 30 25 60
5 30 4 3 6 30 20 50 20 4 0 3 30 25 60
6 25 4 3 6 30 20 50 20 4 0 3 30 25 60
7 25 3 3 7 30 20 60 25 5 3 5 25 20 50
8 20 5 3 6 30 20 60 25 5 3 5 25 20 50
9 20 5 3 5 30 10 60 30 6 6 7 20 15 40
10 20 6 4 4 30 10 60 30 6 6 7 20 15 40
11 25 6 5 4 25 10 50 30 6 6 7 20 15 40
12 25 6 5 4 25 20 50 25 5 3 5 25 20 50
13 25 6 5 4 25 20 50 25 5 3 5 25 20 50
14 25 6 5 3 0 20 60 25 5 3 5 25 20 50
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volume, BEN), olefin content (% by volume, OLF), motor
octane number (MON), research octane number (RON), Reid
vapor pressure (psi, RVP), specific gravity (SPG), and sulfur
content (% by volume, SUL). Table 1 contains the blend
components data, Table 2 shows the supply profile of blend
components for cases 9 and 10 (uneven supply), and Table 3
presents the minimum and maximum specifications for the
product properties. Table 4 shows the initial quality, initial
inventory, and inventory limits of the products. Table 5 con-
tains the demand profiles of each case and the cumulative
curves for some case studies are shown in Figure 10. For the
MILP volume allocation problem, the cost coefficients for
component inventory slack variables are set to 1 3 1012, and

the cost coefficients for product inventory slack variables are
shown in Table 6. Case Study 6 and 12 are explained for a
better understanding of the algorithm and Table 11 and 16
presents the results of all case studies. All data is presented

Table 3. Minimum and Maximum Quality Specifications of

the Products

Specification
Minimum Maximum

Product U87 U91 U93 U87 U91 U93

ARO (%vol aromatics) 0 0 0 60 60 60
BEN (%vol benzene) 0 0 0 5.9 5.9 5.9
MON 81.5 85.7 87.5 – – –
OLF (%vol olefin) 0 0 0 24.2 24.2 24.2
RON 91.4 94.5 97.5 – – –
RVP (psi) 0 0 0 15.6 15.6 15.6
SPG 0.73 0.73 0.73 0.81 0.81 0.81
SUL (%vol sulfur) 0 0 0 0.1 0.1 0.1

Table 4. Products’ Initial Quality, Initial Inventory, and In-

ventory Bounds

Initial Product Quality

Product U87 U91 U93 U87 U91 U93

Cases 1 – 10 11 – 12
ARO (%vol aromatics) 5 10 20 20 40 63
BEN (%vol benzene) 4 4 5 4 5 7
MON 83.2 87 88.2 80 85 86
OLF (%vol olefin) 15 12 18 25 24 26
RON 91.4 95 98.2 90 93 96
RVP (psi) 15 8 12 16 15 17
SPG 0.75 0.76 0.75 0.73 0.82 0.83
SUL (%vol sulfur) 0.05 0.03 0.04 0.11 0.08 0.04
Product U87 U91 U93

Initial Product Inventory (3103 BBL)

Cases 1 – 10 80 180 20
Case 11 100 100 20
Case 12 50 50 40
Minimum Product Inventory (3103 BBL)

All cases 10 10 10
Maximum Product Inventory (3103 BBL)

Cases 1 – 6, 8 – 12 300 300 100
Case 7 800 500 200

Table 5. Demand profiles (3 103BBL)

Case Study Product

l-periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 U87 30 30 50 50 50 75 100 120 200 220 150 75 50 30
U91 60 120 80 70 50 0 0 30 0 0 50 0 0 60
U93 0 0 30 45 0 40 40 0 35 30 30 45 0 20

2 U87 50 80 120 150 200 60 80 70 70 50 50 0 30 50
U91 40 40 40 40 70 50 40 50 40 60 60 0 0 30
U93 20 20 20 20 40 30 20 20 30 30 30 30 30 30

3 U87 50 80 120 150 200 120 50 30 20 20 50 140 150 50
U91 40 40 40 40 40 40 40 40 40 40 40 40 40 40
U93 20 20 20 20 20 25 20 20 20 20 20 20 20 20

4 U87 50 120 130 200 30 30 50 50 50 60 60 60 80 100
U91 40 40 50 70 80 0 40 40 40 30 30 30 50 30
U93 0 50 50 50 40 0 20 20 30 30 0 30 30 30

5 U87 50 50 50 150 200 120 50 30 20 50 50 160 200 50
U91 40 40 40 40 40 40 40 40 40 40 40 40 40 40
U93 20 20 20 20 20 25 20 20 20 20 20 20 20 20

6 U87 30 30 50 75 100 120 200 220 150 75 50 50 50 30
U91 60 60 80 70 0 50 0 30 0 0 30 0 60 120
U93 0 0 30 45 0 40 40 0 35 30 0 45 0 20

7 U87 0 0 0 0 0 720 0 0 0 0 0 0 0 510
U91 0 0 0 0 0 280 0 0 0 0 0 0 0 280
U93 0 0 0 0 0 145 0 0 0 0 0 0 0 140

8 U87 50 80 120 150 200 120 50 30 20 20 140 170 50 30
U91 40 40 40 40 40 40 40 40 40 40 40 68 32 20
U93 20 20 20 20 20 25 20 20 20 20 20 0 40 20

9 U87 50 50 50 150 200 120 50 30 20 50 50 160 200 50
U91 40 40 40 40 40 40 40 40 40 40 40 40 40 40
U93 20 20 20 20 20 25 20 20 20 20 20 20 20 20

10 U87 30 30 50 75 100 120 200 220 150 75 50 50 50 30
U91 60 60 80 70 0 50 0 30 0 0 30 0 60 120
U93 0 0 30 45 0 40 40 0 35 30 0 45 0 20

11 U87 30 30 50 50 50 75 100 120 200 220 150 75 50 30
U91 60 120 80 70 50 0 0 30 0 0 50 0 0 60
U93 0 0 30 45 0 40 40 0 35 30 30 45 0 20

12 U87 60 100 120 120 50 80 30 50 60 80 50 60 50 30
U91 50 40 60 40 40 40 0 0 60 50 50 50 30 20
U93 30 30 30 30 0 50 50 0 20 30 30 40 40 0
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in English system of units since it prevails in the refining
industry.

In order to compute the number of different blend recipes
in the MINLP solution, recipes of each blend component
were grouped in composition intervals of 1 and 5%. Recipes
in the same group were considered to be the same. A blend
recipe is considered to be different if at least two components
fall in different composition intervals. Since we are blending
three grades of gasoline, the total number of different blend
recipes has been computed by adding the number of different
blend recipes for each grade and then dividing it by 3.

Detailed example: Case study 6 (one blender, RVP
blends nonlinearly)

Following the inventory pinch algorithm, the first step is
to solve the total aggregate model. Since the initial product
inventories are on-spec, Eqs. 1–9 are used. The feasible solu-
tion has an objective function equal to $43,611.95 3 103.
Figure 11 shows the demand profile for this example. Fol-
lowing the second step of the algorithm, the only inventory
pinch point identified appears in the 9th day as shown in
Figure 12.

Then, in the third step of the algorithm, the planning hori-
zon is divided according to the pinch points: t-period K1

(1)

goes from l-period n 5 1 to n 5 9, and t-period K2
(1) goes

Figure 10. Cumulative demand profiles of some case studies.

The vertical dashed lines indicate the pinch points. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Table 6. Cost Coefficients Profile for the Product Inventory

Slack Variables

l-period

Cost coefficients

Case 1 to 8,
11, and 12 Case 9 Case 10

1 9 3 108 9 3 108 9 3 109

2 8 3 108 8 3 108 8.5 3 109

3 7 3 108 7 3 108 8 3 109

4 6 3 108 6 3 108 7.5 3 108

5 5 3 108 5 3 108 7 3 108

6 1 3 108 4 3 108 6.5 3 108

7 8 3 107 9 3 105 6 3 108

8 7 3 107 8 3 103 5.5 3 108

9 5 3 106 7 3 103 5 3 105

10 1 3 106 6 3 103 4.5 3 105

11 5 3 104 5 3 103 4 3 105

12 1 3 103 4 3 103 3.5 3 105

13 50 3 3 103 3 3 102

14 1 1 1
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from l-period n 5 10 to n 5 14 (the superscript “(1)” indi-
cates that these t-periods correspond to the first iteration of
the algorithm). In the fourth step, the blend recipe model
given by Eqs. 1–9 is solved for each t-period, using Eqs.
10–12 to link them at the boundaries through the inventories.
Because this is the first iteration, the product closing inven-
tories of the t-periods are chosen to be at the minimum
allowed (i.e., 10 3 103BBL).

In the fifth step, the volume allocation problem (i.e., Eqs.
23–37) is solved. In this model, the blend recipes computed
previously in Step 4 are fixed in the corresponding l-periods.
The solution contains infeasibilities (see Figure 13), there-
fore it is necessary to divide a t-period. The first infeasibility
(equal to 7.38 3 103BBL) appears at l-period n 5 10 on the
U87 inventory; thus, t-period K2

(1) is divided into two new
periods: l-period n 5 10 is contained by the new t-period
K2

(2), and new t-period K3
(2) goes from l-period n 5 11 to

n 5 14. t-period K1 remains the same and it is not necessary
to re-optimize the blend recipes for this t-period. No volume
adjustments are required since there is enough capacity at
K2

(2) (i.e., n 5 10) to blend the volume required to overcome
the infeasibility.

The blend recipes computed for the t-periods K2 and K3 of
the 2nd iteration, as well as the blend recipe for K1 from the
first iteration, are shown in Table 7. The volume allocation

problem is solved with the new blend recipes and this time
no inventory infeasibilities are present; therefore, this is an
optimal solution and the algorithm stops. Figures 14 and 15
show the inventory profiles of the products and blend com-
ponents, respectively. The blend cost is equal to $43,611.97
3 103, which is 0.0006% higher than the solution from the
corresponding MINLP model. The blend plan is shown in
Table 8.

Detailed example: Case study 12 (two blenders, RVP
blends linearly)

In this case, the initial product inventories are off-spec and
properties are assumed to blend linearly; thus, the model com-
prised by Eqs. 13–22 is solved. The feasible solution of the
total aggregate model has an objective function equal to
$41,211.25 3 103. The aggregate recipe for the heel correc-
tion is shown in Table 9. l-period n 5 1 is enough to bring the

Figure 11. Demand Profile - Case 6.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. Inventory pinch points - Case 6.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. Product inventory profiles, 1st iteration -
Case 6.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 7. Aggregate Recipes—Case 6

t-periods [K1
(1)] [K2

(2)] [K3
(2)]

l-periods [n51 to 9] [n510] [n511 to 14]

Product U87

ALK 0.1375 0.0038 0.0399
BUT 0.0257 0.0242 0.0239
HCL 0.0281 0.0104 0.0246
HCN 0.0287 0.0510 0.0479
LCN 0.2389 0.3046 0.3011
LNP 0.1952 0.2078 0.1938
RFT 0.3458 0.3982 0.3688
Product U91

ALK 0.2342 0.0000 0.1468
BUT 0.0364 0.0000 0.0350
HCL 0.0584 0.0000 0.0260
HCN 0.0784 0.0000 0.0364
LCN 0.1699 0.0000 0.1736
LNP 0.0607 0.0000 0.1185
RFT 0.3619 0.0000 0.4638
Product U93

ALK 0.1770 0.0503 0.1379
BUT 0.0438 0.0411 0.0431
HCL 0.0335 0.0740 0.0326
HCN 0.0549 0.0390 0.0574
LCN 0.1291 0.0719 0.1439
LNP 0.0236 0.0525 0.0279
RFT 0.5382 0.6712 0.5573
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inventories back to spec. Figure 16 shows the demand profile
for this example. The inventory pinch points are identified to
be in the 4th, 6th, and 13th day as shown in Figure 17.

The planning horizon is divided according to the pinch
points: t-period K1

(1) goes from l-period n 5 2 to n 5 4, t-pe-
riod K2

(1) goes from l-period n 5 5 to n 5 6, t-period K3
(1)

goes from l-period n 5 7 to n 5 13, and t-period K4
(1) con-

sists of l-period n 5 14. In the fourth step, the blend recipe
model given by Eqs. 1–8 is solved for each t-period, using
Eqs. 10 to 12 to link them at the boundaries through the
inventories. Because this is the first iteration, the product
closing inventories are chosen to be at the minimum allowed
(i.e., 10 3 103BBL), except for t-period K3

(1) where the
closing inventory of U91 at n 5 13 is set to 30 3 103BBL in
order to avoid blending 30 3 103BBL (i.e., the minimum
allowed) at l-period n 5 14, where the demand is only 20 3

103BBL, thus, avoiding blending more than required. The
aggregate blend recipes computed are shown in Table 9.

In the fifth step, the volume allocation problem (i.e., Eqs.
23 to 37) is solved. The solution does not contain infeasibil-
ities; therefore, this is an optimal solution and the algorithm
stops. Figure 18 and 19 show the inventory profiles of the
products and blend components, respectively. The blend cost
is equal to $41,470.74 3 103, which is 0.0007% higher than
the solution from the corresponding MINLP model. The
blend plan is shown in Table 10.

Discussion

The costs of the blend plans computed by the single pe-
riod inventory pinch algorithm are very close to the optimal
solutions computed from the corresponding fine-grid multi-
period MINLP model (see Table 11). The difference between

the inventory pinch algorithm and MINLP results is less
than 0.01% when the supply flow rates of blend components
are constant along the planning horizon (case studies 1–8,
11, and 12). When the supply rates vary along the horizon
(e.g., case studies 9 and 10) usually more inventory infeasi-
bilities appear at the lower level, more iterations of the algo-
rithm are required, and the costs computed via inventory
pinch algorithm can be higher than those computed via mul-
tiperiod MINLP by a fractional percentage. The maximum
difference observed in our case studies is 0.1284%. The
higher the number of periods at the top level, the more likely
is that solution will be suboptimal since the algorithm does
not consider simultaneously all periods at the top level.

Decomposition of blend planning in two levels, as pre-
sented in this work, significantly simplifies the model solved
at each level in comparison with the fine grid MINLP model.
Table 13 shows that the number of equations, continuous
variables, and nonzero elements in the NLP model (i.e.,
blend recipe computation) and MILP model (i.e., volume
allocation problem) is smaller than those in the MINLP
model.

The solution times of the inventory pinch algorithm (using
IPOPT for the NLP model and CPLEX for the MILP model)
are much smaller than those required by DICOPT to solve
the corresponding MINLP model. If (quality*volume) con-
straints are nonlinear, then the computational effort is
reduced by at least an order of magnitude. This is expected
since the constraints at each level of the inventory pinch
algorithm are simpler to solve and also the algorithm is a
heuristic algorithm that does not prove that the optimality
conditions are met.

The inventory pinch algorithm solution leads to a smaller
number of different blend recipes per product compared to
the solution of the corresponding multiperiod MINLP model

Figure 14. Product inventory profiles, 2nd iteration -
Case 6.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 15. Component inventory profiles, 2nd iteration
- Case 6.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 8. Computed Blend Plan—Case 6

Blender Product

l-periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14

A U87 192.0 192.0 106.6 116.0 191.2 107.2 75.0 50.0 58.1 41.9 30.0
U91 120.0 30.0 30.0 30.0 82.2 97.8
U93 83.0 32.0 30.0 35.0 30.0 65.0
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when considering a composition range of 1% to count the
number of unique recipes. When using a 5% composition
range sometimes the number given by the inventory pinch
algorithm is greater (see Table 12).Significant reduction is
seen in the cases with only one pinch point and constant
supply rates of the blend components. In addition, repeated
recipes from the MINLP solution may or may not be used in
adjacent periods; thus, the number of recipe switching is
equal or greater than the number of different recipes.

In the inventory pinch algorithm the solver selection for
the recipe optimization level is very important. In general,
blend recipes that disregard the use of several blending com-
ponents are not likely to generate feasible blend plans at the
lower level. Blend recipes computed by IPOPT and COU-
ENNE lead to feasible solutions (in this work, only the
results using IPOPT are included) while recipes computed
by BARON, MINOS, CONOPT and GUROBI often lead to
MILP solutions containing inventory infeasibilities (i.e., non-
zero slack variables) at the lower level.

Table 9. Aggregate Recipes—Case 12

t-periods [K0]a [K1
(1)] [K2

(1)] [K3
(1)] [K4

(1)]
l-periods [n51] [n52 to 4] [n55 o 6] [n57 to 13] [n514]

Product U87

ALK 0.0000 0.1061 0.1509 0.1011 0.0000
BUT 0.0445 0.0377 0.0445 0.0342 0.0550
HCL 0.2959 0.0224 0.0191 0.0220 0.1000
HCN 0.1676 0.0193 0.0311 0.0364 0.1667
LCN 0.0000 0.3323 0.2172 0.2437 0.0000
LNP 0.0000 0.1810 0.1975 0.2000 0.1792
RFT 0.4920 0.3013 0.3396 0.3626 0.4991
Product U91

ALK 0.0000 0.2147 0.2281 0.2086 0.0000
BUT 0.0809 0.0562 0.0585 0.0465 0.0000
HCL 0.1234 0.0427 0.0278 0.0288 0.0000
HCN 0.1657 0.0472 0.0456 0.0469 0.0000
LCN 0.0000 0.2142 0.1870 0.1967 0.0000
LNP 0.0000 0.0713 0.0848 0.0885 0.0000
RFT 0.6300 0.3535 0.3682 0.3841 0.0000
Product U93

ALK 0.2964 0.1577 0.1684 0.1644 0.0000
BUT 0.0680 0.0703 0.0706 0.0558 0.0000
HCL 0.0000 0.0319 0.0259 0.0244 0.0000
HCN 0.0000 0.0494 0.0462 0.0427 0.0000
LCN 0.0514 0.1349 0.1359 0.1488 0.0000
LNP 0.0000 0.0228 0.0250 0.0287 0.0000
RFT 0.5843 0.5329 0.5279 0.5350 0.0000

aBlend recipe to correct the heel

Figure 16. Demand Profile - Case 12.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 17. Inventory pinch points - Case 12.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 18. Product inventory profiles, 1st iteration -
Case 12.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 19. Component inventory profiles, 1st iteration -
Case 12.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Table 10. Computed Blend Plan— Case 12

Blender Product

l-periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14

A U87 30.0 74.0 112.0 66.0 64.0 31.7 112.0 76.3 64.0 46.0 30.0
U91 30.0 30.0 56.0 40.0 112.0 48.0 50.0
U93 30.0 30.0 40.0

B U87 72.0 72.0 50.0
U91 34.0 40.0 50.0
U93 30.0 50.0 72.0 58.0 40.0

Table 11. Objective function Values and Solution Times

Case Study
Number of

blenders
Initial Product

Inventory
RVP Blend

Property

DICOPT Solution (MINLP
model)

Inventory Pinch Algorithm Solu-
tion (IPOPT, CPLEX)

Objective function
difference (%)

Objective
Function (3103$)

Total CPU
time (s)

Objective
Function (3103$)

Total CPU
time (s)

1 1 On-Spec Linear 43420.20 12.26 43421.74 4.20 0.0035
2 1 On-Spec Linear 41349.62 29.08 41350.01 1.23 0.0009
3 1 On-Spec Linear 43161.03 37.69 43161.34 1.40 0.0007
3 2 On-Spec Linear 43161.05 63.52 43161.33 1.50 0.0007
4 1 On-Spec Linear 41874.17 20.53 41874.44 1.36 0.0006
4 2 On-Spec Linear 41874.45 115.15 41874.45 2.75 0.0000
5 1 On-Spec Nonlinear 43657.71 13.84 43658.00 0.98 0.0007
6 1 On-Spec Nonlinear 43611.69 12.81 43611.97 2.19 0.0006
7 1 On-Spec Nonlinear 43611.69 33.20 43611.98 1.08 0.0007
7 2 On-Spec Nonlinear 43611.69 34.64 43611.97 1.19 0.0006
8 1 On-Spec Nonlinear 43934.67 18.51 43934.95 1.71 0.0006
8 2 On-Spec Nonlinear 43934.95 82.32 43934.95 2.04 0.0000
9 1 On-Spec Nonlinear 43627.27 372.59 43627.45 8.77 0.0004
9 1 On-Spec Linear 43142.09 424.95 43142.25 7.80 0.0004
10 1 On-Spec Nonlinear 43611.69 641.76 43667.68 5.02 0.1284
10 1 On-Spec Linear 43101.12 235.61 43126.28 4.33 0.0584
11 1 Off-Spec Linear 43424.87 15.17 43425.15 2.87 0.0006
12 1 Off-Spec Linear 41470.45 7.73 41470.74 3.05 0.0007
12 2 Off-Spec Linear 41470.45 56.87 41470.74 3.57 0.0007

Table 12. Number of Blend Recipes

Case Study
Initial Product

Inventory
RVP Blend

Property
Number of

Pinch Points

DICOPT Solution
(MINLP model)

Inventory Pinch Algorithm
Solution (IPOPT, CPLEX)

Number of different
recipes (1%)a

Number of different
recipes (5%)b

Number of different
recipes (0%)c

1 On-Spec Linear 2 8 6 4
2 On-Spec Linear 1 7 4 2
3 On-Spec Linear 2 6 3 3
4 On-Spec Linear 1 7 3 2
5 On-Spec Nonlinear 1 7 3 2
6 On-Spec Nonlinear 1 9 5 3
7 On-Spec Nonlinear 1 7 4 2
8 On-Spec Nonlinear 3 9 5 4
9 On-Spec Nonlinear 1 7 4 6
9 On-Spec Linear 1 7 5 6
10 On-Spec Nonlinear 1 6 3 4
10 On-Spec Linear 1 8 4 4
11 Off-Spec Linear 2 7 3 4
12 Off-Spec Linear 3 7 5 5

aBlend recipes were counted using composition intervals of 1%
bBlend recipes were counted using composition intervals of 5%
cRepeated blend recipes are exactly the same

Table 13. Model Size Comparison

# Equations
# Continuous

Variables
# Discrete
Variables # Non-zeros

MINLP model (1 blender) 2,017 1,569 42 6,221
MINLP model (2 blenders) 3,473 2,577 84 11,051
NLP model (SPIP algorithm) 127 97 0 371
MILP model (1 blender, SPIP algorithm) 1,261 939 42 3,197
MILP model (2 blenders, SPIP algorithm) 1,961 1,317 84 5,003
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Conclusions

We have introduced a novel heuristic algorithm based on
the concept of inventory pinch points and the two-level
decomposition of the gasoline blend planning problem. An
inventory pinch point is the point in time where the cumula-
tive average total production curve is tangent to the cumula-
tive total demand curve, and if extrapolated from this point
onward, it does not cross the CTD curve. At the top level of
the algorithm, blend recipes are optimized based on total
demand between pinch points using a NLP model and, at the
lower level, blend volumes are computed from a fine-grid
MILP model. The algorithm addresses two aspects of gaso-
line blend planning (1) minimization of the number of differ-
ent blend recipes, and (2) use of computationally intensive
nonlinear models for blend planning via a single-period
model. Experiments with a number of examples show that
the solutions computed by the single period inventory pinch
algorithm are most of the time less than 0.01% away from
the optimum solutions computed by the corresponding dis-
crete-time multiperiod MINLP formulation when the supply
of components is constant. In all cases, solution times were
smaller than those required by a MINLP solver; as a rule, in
cases with nonlinear blend constraints, execution times are
an order of magnitude lower. The number of blend recipe
switches along the blend planning horizon is much smaller
than computed by the MINLP model; this feature makes it
simpler for schedulers that use interactive simulation soft-
ware to create blend schedules. Solver selection for the rec-
ipe optimization level is important and has a great effect in
the algorithm performance; IPOPT and COUENNE provided
the best results among the solvers tested.
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Notation

g = gasoline grades, U87, U91, U93
i = blend components, ALK, BUT, HCL, HCN, LCN,

LNP, RFT
n = l-periods in the production planning level, 1,…, N

bl = blender, A, B
s = quality properties, ARO, BEN, OLF, RON, MON,

RVP, SPG, SUL

Subscripts
B = blender
C = blend component
K = t-period
P = product

Parameters
Cost(i) = cost of blend component i
DP(g) = demand of product g in the total aggregate formulation

DP(g,n) = demand of product g in l-period n
DP,K(g) = demand of product g in t-period K

FB
max = maximum blending capacity

H = length of the planning horizon
np(bl) = number of products that can be produced in a l-period

in blender bl
PenaltyC(i) = penalty for the inventory slack variables of blend com-

ponents i
PenaltyP,K(g) = penalty for the inventory slack variables of product g

PenaltyP(g,n) = penalty for the inventory slack variables of product g
in l-period n

QC(i,s) = quality s of blend component i
QP

max(g,s) = maximum requirement of quality s in grade g
QP

min(g,s) = minimum requirement of quality s in grade g
t(n) = duration of l-period n

tK = duration of t-period K
VB

lost(bl) = volume lost due to switching from one grade to another
in blender bl

VB
max(g) = maximum volume allowed to blend of grade g during

any blender run
VB

min(g) = minimum volume allowed to blend of grade g during
any blender run

VC,K
in(i) = volume supply of blend component i in t-period K

VC
in(i,n) = volume supply of blend component i in l-period n

VC
max(i) = maximum volume of tank with blend component i

VC
min(i) = minimum volume of tank with blend component i

VP
max(g) = maximum volume of tank with product g

VP
min(g) = minimum volume of tank with product g

Variables
A(g,n) = binary variable to determine if product g is blended in

l-period n
QP(g,s,n) = quality s of product g at l-period n

QP
close(g,s,n) = quality s of product g at the end of l-period n

QP
open(g,s,n) = quality s of product g at the beginning of l-period n

QP,0
close(g,s) = quality s of product g at the end of t-period K0

QP,0
open(g,s) = quality s of product g at the beginning of t-period K0

RVP(i) = reid vapor pressure of blend component i
RVPK(g) = reid vapor pressure of product g at t-period K
SC

1(i,n) = positive inventory slack variable of blend component i
at l-period n

SC
2(i,n) = negative inventory slack variable of blend component i

at l-period n
SC,K

1(i) = positive inventory slack variable of blend component i
at t-period K

SC,K
2(i) = negative inventory slack variable of blend component i

at t-period K
SP

1(g,n) = positive inventory slack variable of product g at l-pe-
riod n

SP
2(g,n) = negative inventory slack variable of product g at l-pe-

riod n
SP,0

1(g) = positive inventory slack variable of product g at t-pe-
riod K0

SP,0
2(g) = negative inventory slack variable of product g at t-pe-

riod K0

SP,K
1(g) = positive inventory slack variable of product g at t-pe-

riod K
SP,K

2(g) = negative inventory slack variable of product g at t-pe-
riod K

V(0) = sum of the initial inventories of all products
VB(g) = volume of product g blended in total aggregate

formulation
VB(g,n) = volume of product g blended in l-period n
VB,0(g) = volume of product g blended in t-period K0

VB,K(g) = volume of product g blended in t-period K
VC(i,g) = volume of blend component i into product g in total

aggregate formulation
VC(i,g,n) = volume of blend component i into product g in l-period

n
VC

close(i) = closing volume of tank with blend component i in total
aggregate formulation

VC
close(i,n) = closing volume of tank with blend component i in l-pe-

riod n
VC

open(i) = opening volume of tank with blend component i in
total aggregate formulation

VC
open(i,n) = opening volume of tank with blend component i in l-

period n
VC,0(i,g) = volume of blend component i into product g in t-period

K0

VC,K(i,g) = volume of blend component i into product g in t-period
K

VC,K
close(i) = closing volume of tank with blend component i in t-pe-

riod K
VC,K

open(i) = opening volume of tank with blend component i in t-
period K

VP
close(g) = closing volume of tank with product g in total aggre-

gate formulation
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VP
close(g,n) = closing volume of tank with product g in l-period n

VP
open(g) = opening volume of tank with product g in total aggre-

gate formulation
VP

open(g,n) = opening volume of tank with product g in l-period n
VP,0

close(g) = closing volume of tank with product g in t-period K0

VP,0
open(g) = opening volume of tank with product g in t-period K0

VP,K
close(g) = closing volume of tank with product g in t-period K

VP,K
open(g) = opening volume of tank with product g in t-period K

x(i,g,n) = volume fraction of blend component i in product g at l-
period n

xK(i,g) = volume fraction of blend component i in product g at t-
period K

XC = extra cost for volume of components used to correct
the heel off-spec
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